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totally isotropic. This rules out A = € a purelv inseparable
ficld extension, so we can assume n(x,y) is a nonsingular
il inear form. Our task will he to sea that B is actuzally a
¢-subspacs, not merely a f-subspace.

b

If b 15 any nonzero element of 3 then n(b) = 0 but nib,2) # 0

¥ nonsingularity, so ®h = On{k,a)b = ¢{n(b,alk

4
o

£or some & & R
= mi{b)a} = 6, (§57) £ B. Thus 3 is =alossd nnder svalar multiplication
by claments af &,

Since any chain A = B = Bow® L. =B = 0 must hawve

o 1 1
El * +e. * B praper totally isotrepic P-subspaces, and singce for
= = .

ey noneincular guadratic form the diwmsnsion of a maximal totally
. : i . 1 ; e ; g :
lsoplbhropia subspace 1s a2+ mosl E dim 2, (sfec Ex. B.2), we have

L .. o ; g
¥R 5 dim A. Sinpre dim A = 2, 2y 8 (Types 0 and 1 hawve no proner

igocropic subspaces) we ses 2 has deoo.

Sa tar we have charvactorized innsr ideals in terms of the

m

norm Lorm. We will investigabe thess Eotally lsotbropioc subssaces
in more d=tai! far the case as = Cavlay algebra and ralate then
te the algebra structure. First off, we restorict gurszlvas +o a
split Cayley clysbrall, since a Cayley division al
isotropic vectors at all sxceonl zaro.

Tt is wasy to build totallw isocroplic spaces Lrum Zsanroplc

vegtors: 1Z ala) = 0 thea n(af) = n(ada() = O shows af is totally

TeatEopis . W claim such an off has dimension £.
ld-3pace Thagrem) If a is a nounzero isotropic elémsnt of a split

Cayley algehra q:Ea F 0 but uf{a) = 1), then Lhe pPrincipal inns=r

ig

ideal all is a d-dimensional +gLally isoorop

i)

ubspace charaglterized by
: %



x € alle> a%x = 9,

Proof. Certainly aC is totally isotropic. Purther, it
has 2 complement of the same form:

(¥ C=:Cs BT (if n{a) = n(h) = 0, n(a,b) = 1).
Indeed, it is a standard faect akout nondegansrate gquadratic

Zorms that Lf afa) = U we can find a vectoer b with ni{b) = 0,

nia,bB) = 1: by nondegensaracy nfa,z) = 1 far sonpa ¢, = the

vector b = © - nicla hzs both ni{a,k} = nf(a,ac) - nic) nla,al
g S g
= n{a,z) = 1 and ni{b) = n{z) - ni{clnlc,a) + ale) afa) = nic)

|
pau]
—
3
|
>
[
-
2]
ety
il
|
]

Onoe we have found b, Lhs key to establishing (*) ig +£hs

Jquineral formula

(&.3) ni{a,blx = a{n*x) + bia*x) = a*{bhx) + b*( ax)
ohitained by lineavizing nla)x = ala*x) = a*lax). When fala: Xy = 1
we sae inmsdiately all x = al{b*x) + bBila*i) belong o af + B,

a0 r—_CC+ blf—- C. Mow ﬁ:haa dimension B, &2nd once paore tha totallwy

dim (L = 4.

go the only way thevy can 3dd up to the wholse S-dimensional = acag
¥ ¥ B

izsotropiz subspaces all, b have diwension at mos+

b=

is for them to have dimension gxsctly 4 {(and for the sum to be dirceot)
This estanlishkes [(*] |

¥To dasrive the given aharocterizsation of afdll, note = = ;.-.q:

= atx &€ a*(a) = (a=a) @ = n{a) = 0, while conversely if a*x = ©
we <an choose n with ni{a.b} = 1 50 by [6.7) x - nla,nlx = alh*x)

+ bla*x) = a(b*x} € aC. @



Bagause aof iks resznblance to a right idec’l, wa will

call such an aﬂ?a rf ht H*S ace (awven though thc elament =
q F

appears on the left). Dually if a # 0 is isctropic we have

z left H-space {Eﬂ which is tetally isotrupic of dimension 4
and characterized by =& (Ea.:—_}xa* = 0. We will se= that all

liuner ildeals can Le obtained gs nlerseclbiosns of such principal

The ways in whinogh Thege d-snaces 2an intersech is iwen b
X &

(Intersectian Theoramn) Two right d-spaces determined by

e

igotropisc wectors a,b F 0 have interssotion

aC vl

a (. = bﬂ:' o dimsnsicn £ 1f &, b ars

_..-..
-
alr

lineaxly dependenc
* = z . H
(ii] aCabl = alk " @) = b{a*@) of dimension 2 if a, b
ave ind=pendent bhat nla,bh) = 0O
§ i . o 3 ¢ . 3 fr o - -
I o W ald ﬂhE = [l of dizension ¢ iT a, b are indspsndsnt
ad nla,k! F 0.

pal

A right and lef: d=-space have intersectiszsn

)

{ 137) afl @ » = fab of dimension L if ab # 0O
[RT snTb = ab™ = ath of dimension 3 Lf ab = 0 (where -

= -'Ly'él'f[ftn{x,y) = BET

=
i

-
Ll

h
T
il=

-soace ever colncides with a right 4-spzace, all

Frool. flearly if b = Xa then all= b as in (i).
suppose now &, b oars indepcadent but nlzs,h) = 0. Ry (6.3)

* W
we heve alh™xls- bla"x), so atk ) = aia CE}IC;:G:{".,‘::(E. Butb



convarselv, 1f an(Enh(E{so by (6.2) a*yx = b*:{

1l
Lo}
rl
b
(0
=
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¥ indepandence of & and b and nonsingularity o

I
i
£
=3
—
=
i

can chogse an elewmant o with nia,c) = 1 nut n(b,2) = g, by

¢ 4 1 & .
\6.3) 0 =n(b,clx = blc*y) + e{b %) = Ble®s), tharsdira by

(6.2) n¥x €x*L, so by (6.3) again % = q{a,e)x = alc*x)

+cla™) = ate™n gatn®™Cy.  raes 2T n B@ Ca(b*@). This
shows a(kh L) - Bia® @ = all q b .
Te Zindish (14) we must 2ipd the dizension of all n o .
We ¢laim that for indepsndent orthagonal lsatropic a, h 2ither
[ii') sl b= 2a @ op (EE gt )

{ii®) el m @ & 2 8 6b = Cra*p) (if a"% # o

Zrom which we sgeq lmmedistzly al i BT nas dimansion 2. Using (6.3

(%%)  a(b%%) = EwlhLuy o« alx*B) = ni{b,xla = niz,=lh + x{a®n).
L5 m ranges over (L, a(}.;*x] rangas over all 2{(a%) = T n sl
anc by irderendsnce n(b,x)a - Rla,x)h vanges over =11 d= @ &n
{we can find % wiln nib,x} = 1; nla, =) = 0 ax nlb,x} = 0, nfa,x) = 1}

Thus when a*h = [0 we sae aﬂ:nbm= Fa @ %L as in (Li').  When

a*h. # 0 we have a, b€ Lia*n) by the Aual of (6.2] lLzcause hi{o*h)*
= aflE*a) = n{bhia = 0 504 abarnl ¥ = ab*z = nia,bla - afa)b = 0

{by the U-formula (1.19)). Thus a(k*@) + 4a + ¢b C dary)

By (*%1, alsuso ﬂ:{a*t)!’: alb* L) + ¢z + th, so Cla*k) = ath*d)

+ P2 1 $h. The lattecr sum  is divect sifice iF a(B¥3) 4+ ba & Bb = 0
taer lelt multiplying by a* vislds fa%y — O, nenacz 3 = 0 bzoause
™D F U, dualilse o Coimuliiplying oy L* and aFlivg aq bEe)

=. ~bia*c), b¥%g = [avll¥* 2 0} oo af{brcl = 0. Thus L (a+h)

= all A b@ & da & 65 uhen ath 7 0 as in fLivy.



If a, b are independent and n(a,h) # 0 then (6.3) shows

x = nla,b) -1 {atn®x) + wia*x)}, i s all n ol then a*x = b*x

il

0 shows ¥ = 0. Thic establiches fiis)s

Now conslcer a mized irntersaction aCn C», whera nia) = nflb}

I

@ buk 2, b £ 0. Any x = ay = =zb in the interssetion has

a®{uzbl = a*x = g¥*{ayv] = 0, so Ly (&.3)

nila,zlb = a*{zkh) + z%*{ak] = z#{z%)

nba,z) s z{nta,z}h} = z{z*{am)}t = n{=lah.

it
]

Thuse 12 pla,=z) wx have =& 4 ak),

First con=idar the cvass when ab 4 0. Cearteinly anv x< Fahb
belongs ko a@C nTCob. Conversely, assupns x€alndh. We saw
a2bowve that if ada,z) & O +then #E 2ab and if nla,=z) = O then
z*(ak] = 0 (whence (abd*z = {z%(ad)}* = ¢ implios zg (20D
By (6.2}, therefore x = zuE{fany @ }n = a{b,_"!:b} (right Moufang)
= aln(b, C*b - n(w)C*} (U-formula 1.19) = n(b, LM ab < Fab) .

Thuz ® belongs to %abh in sitaor case, al n@ b dab. Concgousntly
allmnCb - 0ab has dizension 1 as in (i¥).

How conslider the case whan am = 0. L n{a,z) £ 0 for = = =zh
€ .. TAfllh we netived anove xS d(ab) = 0 [(haenos trivially x o a"Lh]l .
while AL afa,=s) — 0 Lhan =& aYt ana again # 2= A Thus
AR &ty Conversaly, wiencvey nla,z! = 0 we have 0
= a*l=b} + =*{alb) = max{zh) By (6.3), s by {(6.2) % = &b balonas
ta al: .'—;"'!'n'.'.:aﬂ:l"n[:c&'.-. Thus a0 ~ Th .:.""‘h {ard dually it eguals

an™T) . To compute the dimension in t£his cEsz2; note 2 0 zh

Tingar sap of Lhe 7-dipcusional sEpEco a= wnse alln€y = 2% n witk
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{z&:aiﬂfrh*} (by (6.2}) = G':_h*

(since sutomatically (Lnx o .:'-:L, nfa, © b*) = n(ab,L) = 0 by

i1

(L.15) 1f ab = €). Sirnesz this kernal has dimansion 4, the ima

[+

el

a2 € 5 has dipsnsion 7 - 4 = 3.

m i 5 P e L 1 - . ; : :
Lron this, never afl = (fr:h Sl e di."!‘ifb hos dinension

All coially disobroniczc subspaces can be venresented as intezr-—
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a2n Isotropic Subspacas) The totally isotropic suhspaces

[(Z-suacas) ik = pia*d) = a2 n b ox
(L bla = (Cat)b = Tam LCb for

nyal = nik = nf{a,b) = 0,aand b indaspendent

{3-soacas) Al = 2> n - aL AN ﬂ:b for nia)

alb) = @, ab =

fd-zoaoas) F_{I: or (.*:a for nia) = 0.

0¥ nongsro cotally isotropie subswvacs 15 conjugste undsr a
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Praoof. AL this poirt let us refrash our namory of

: b]
i++'s Thesrem: s
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e

guzdratic form on ¥ with O(x,v)

nensingular; then any two subspaces which are isometric with each

i
ct
I_
il
=
1u

arz actually conjugats under an igonetzy af the total

a particular, two toLally isotropic subspaces af the

same dimznslion (which z2xs rathar Trivially isomstric) ave conju-
Ir ou» prosen. situation, by nopsingalaricy of nix,vy) any
Lwe toczliy dsotrooic subspaces of the sama diwension are
conjugabe undsranora isometry {arthogoral transformation) T.
Taus aovery Lotally isotxoric subspnacs of dipension 1, 2, 3, oxr &

iz conjugate to (i), (i), (iii), or the Firs: member of (iw) .

1L T is zvropsyY, we are dons However, 1f£ T is impropor Wwa must
zodify it €tz obtain a proser isometry. (The reasan we want a
proper T Lz that later in Lhe proot we will need €0 ¥new T iz an

T T iz improper, we wmodify it by the {improper) symmetry
- - P ; . : £33y (3]
SR x—F*w - n{z Gle,xla = % + n{z,3%X)z where 3 = = + =
5 12 21
hBes izl = -1L. The conpuesita T' = EZ“T will now ne nroper (if

T iz 2 product o7 an odd numbar of symmetrices, T will he a praduct

ST &ty evaen numbear)s ard it Siill sands The given subsaacs inta

R =¥ i
i d i oA - e b - L + 1
vibig [al} , ox [L4i1) if T daz2:z hevatiss S Lixns @e + e

= 11 12

Pt (1} [

+ T n Y o= ¥z b I = rases: TRV = i
¢ '213 s I?,nll; la,11; i t.;,:lz I 0 &nd wharevor
PLZy®l = 2 we have 5 (x) - =x Thus i gases (i), (Li), (iii)

Wwa. heve found the Lrvser fondugation.



In case (iv) T' does not serd tha given sukspace into

GNE]: bacause 5 does not fix el__ﬂ:: n{z,ef; } = =1 implies

= & w 1—

cat to ellc by a proper isometry, and must settle for the

zepuond member of [div), namsly ﬂ:ell. The easiesst way to do this

A ; 2 (2
L8 to azply two morse symmetriss Sw and Sv {foxr w = 3{5] ik EEL};

v E{l: l F{llﬁ to suaccesalively convavt 9{2} tn ko “352] and
|2 21 = = Al T 21
Gy . CEY g ’ e I
a8 A lnko -a& in the same way o conwvarzed =2 ioto
.2 21 = 12
(3] n 3 th 1 [ i 5 £ p{kj for
leoavi a25%e r J_"'I. (=] = S I -y vote 'S rRsE 8 =i o
o1 =) o g L o ! Lz e ]_: i
(£} [k
L L] = N - i ak g
kE # 2 and 5  fixes e,.,8.. For & & 1 sinee niw;e, . ) = niw;a )
W 11 17
f} ) o .
= nf{wv,e. .) = niv,o, = 0); than ™ = 5 5 T' = g2 g 5 " ig still
i3 L] W VoW g

zeper (e2van nuwmber of svamebries) , but sends the civen sukspace

. . =1 L) .. (2] {q}
Gt § £ 5 (s p o= Bs 4 D De + fe ;
b Ty zI lld: 11 pQZl -3 21 F_ G:E

I

Locked a2t the othzr way, we can get from our basic soace to
thz giwven Lolelly isotrapic soacs by a4 wropsr iAnmetry., Wow

our hasizc spacses (i) -(iv) 211 hawve ths desired Zorm of k—spacas
(L < k < 4}, g2 to vprowva thart each isotropic space actual by
$ a4 k-spaus (rather than werely & conjugats of cacl 2ll we

have ke do is prowve that 2 proper ilsucmstry takas ¥—snaces into

Fraservation Zpilows from the Principle of lriality S5.00:

S DEoper similarity T of g Caylay algazbra iz an subkstony, so

thcre exlisl similerities T, T" swilh (D0, T") an ieotany. From

this T proscrves L£-spaces: T{allL) = T'(arr" (@) = a'@ whars
at = P'{a) is isebrepicy nla') = alT'a)l = T'"ia} = & {T" the

multinlier of the novm similaxiby %), dualiy (L ay = Ta* o
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LaDETORIE & = ¥ al. BY interaections, the other k-spaces
follow. For 2Z-spaccs: 7Tlal N nill) = T(al) N T(b )

= @l M b’ G: Tor isotrapis a', b' with nla'yb'} = g(T'a, 7'y

= T'n(a,d) = 0 and 3' = T'(z2), B! = 2'{B) independent (dually
fox G:aﬂ(tb}. For 3-spaces: T{a@ n @Cn = a'C N Co" for
izsotropic &', \" with a'h" = T'{a)T™Mb) = T(ab) = LAY =0

Faor l-gpacas, Lrivially «'(&#a) = @1 {a} wherz n({ta) = Tnfa) = 0,
Thus anp dutotapy 1T takes one k=space into acathar, and thevefors

any given totally isotromic subspacs ls a k-spacs.
To Drove unidquenzss af Lhs refiresentatives, beacaunse the

Basic tvpes have Aifforant diwegnzions we nand oniy =how the

=

two mewpbars of {(iv) aze nnot colljugats under a nropar isomel ry
But this fzllows by Droservation: if C{:,:,-Tl Were a conjucate of

ej,qﬂ 2t wuuld agaln have the foxrm a'@ , ana a'{E‘ = {ﬁe_ll by &.4. %
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If A is a regular altarnative algebra, show that any inner
Y - ideal BELL is invariant under the cantroid T(a), TR 3.
Show any Gzygree 2 algebra with nondsgensrate norm i1s regular.

TE Q is a guedratic form on a finite-dimensional vector gpace

|:=!|l—'-

% wilh Clx,v) nonsingular, show diz ¥ <

dim X for any

totally isotrzonic subs:t

[

aoe ¥ omozZe gensrally, even i A 1S

infinit= shnow thavt theoxe ars

sualbspacves ¥, 2 with X =Y # ¥' & 7
with dim ¥' = &im ¥ and dual bases {y&:‘, {yé} E5r ¥, X' with

il
e

Prose Y = ! = {] < rr = 7 Ly
nll-\-"&-l' ".I.|_-_f:_L:I =l n:;‘m:.‘tm} Loy H{Y{IF o

ik u,bEECE(B,u} liave &0 /) o0 = ab*Q, Ga /M OBb = Ohk*z show

all N vl - ab*e = (Bb*a)f = alo*@). I

2 iz gualsrnion show
*B has dimensiocon 2 if nix) = 0, ® # 0; 1if n{x) = a(y) = 8 show

®3 r"*| vB o= 0 1f ni=,yv) £ 0 or 1F 2y* = 2, and =B /™y vE = x5

= yB = =y*3 if ni{x,y) = U nnt =y* &£ 0. If n{x) = ni{y) = alx,v) =
ghaw =®y® - C'-ﬁ_}}'*x 0, Conoluds alweys B ) LE = an¥*h,

BEa /) B = Bb*s if anlz) = ok} = ni{za,dn} = 0 aand ad N »L = ab*B
zr (Bh*a)f alwavs has dimensizon 2.

I1f n(z] = nl{bk) = ala,n) = 0, a*bk £ 0O j_:l'q::ahuw thaere exists -;_“:Ef

Fox ﬁ:,-’:t"‘p"‘l B,

wilh nio,a*h) = 1: sbtow {ac,bel fo-w a basi

u

L]

Show thers z¥»e %,y Zormipg 5 basis for atn ?:u'L,"ﬂ'.'i a#lay . Ahow
wia*tn) = F!{I: iET ?TEFr'L, wih*a) &= ::"I it wmeE '::J'. Theanr (I:

= fac & Lo & fx o2 gy o Tlasn), @la*)

ba & ¢h 8 Px{a*h)

o

$ylath) whers f(ac)(a*b) - -a, (Bedla*b) — =k, ail N Bd
= @xla*b) 2 Erla*xb).

If nf{ar = ikl - 0, ab = 0 show Theras &re x,y,2] Tovrmine a baslis

IR

1
ey B R S WETEC e Bl Gagone ey 2 PRE
nr 2T Bog BLowW I3 vab D oevh B o wzh, o e T T 4 € =1 L L

ria,q) = 0, =o aCEC":ﬂ:b = EL'L]J.
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If n{a) =a(b) = 0 show e L b = (al+ L-IKL'IJ'. =€ s
s Tl ol ny
ﬂ:, efl}d:]

11 12
(13 o (2) (3) (2) (3) 5 (3.1
ellﬂ:n E:_E l:I:.' G:EEI. I G:E iel’l ﬂﬂ:ezl ; {qul I

Zl: b
{ (b roL3) ek (3)

! ] = S b3
py e By Ve 5 {'1I.J B, § *11{:‘:”&:*21 .

In a Ca¥ley natrixz algesbra explicitly conmputle e

Voerify directly that in a Cavlev matzix alogehra

, (1} it I ) R =
¢ @ney )@ ~Ce nCe)’ = 227 & 80>

1
Find -:11{1:;""!,&1[;}'&: and show 1t alsc ecwals an intersection

‘-Ta ﬂﬂ:l:u

show in genezal a L Nbd® = Tan Lp if a*s = ba* = 0.

1Z ona marely assumes a*h = 0, show aL ALO-= Qunﬂ:b i E

Lia)h = t(bla {arnd iff ab = ba).
IZ nfa) = ninl = nia,b) = a%h = 0 show al Akl = ::(Endﬂ: ELE
fra & Pk = Co @ $bh.



